Journal of Statistical Physics, Vol. 17, No. 4, 1977

The Spherical Limit for n-Vector Correlations
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We investigate the n — oo limit of the n-vector model single-spin and pair-
spin correlation functions. In this limit we show that the correlation func-
tions become those of the corresponding spherical model.
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1. INTRODUCTION

The ““identification”® of the spherical model®® as the infinite-spin-dimen-
sionality limit of the n-vector model has added greatly to the significance of
this unique statistical mechanical model. However, the *““identification” is
far from complete, since only the equivalence of the free energies in zero field
has been established rigorously.®® Even so, it is widely believed that in this
limit other thermodynamic functions should correspond. Stanley™ gives
evidence to show that the susceptibilities should agree and many other
authors simply assume that the correlation functions actually coincide. It
is principally to this latter problem of correlations that we address ourselves
in this paper.

Our approach to this problem originates from a recent paper by Gates
and Thompson® in which correlation functions are investigated in the
infinite-spatial-dimensionality limit. In essence the strategy is to introduce
a nonuniform field and then to calculate the correlations from the field
derivatives of the free energy. In accord with this program, we generalize
the theorem of Ref. 3 to include a nonuniform field in the following sec-
tion. In Section 3 the correlations are obtained by differentiation and the
justification of the necessary interchanges of limits and differentiations is
outlined.
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2. SPHERICAL LIMIT FOR A NONUNIFORM FIELD

Consider an n-vector model with a nonuniform field, that is, a lattice
system of N, n-dimensional classical spins, S; = (Si1, Sigyeee Sin)s i = 1, 2,..., N,
with length

n 1/2
sl = |3 s - 0
a=1
and described by the Hamiltonian
N N
#=—% > pS-S,— > H-S 2
i,j=1 i=1

We include the self-interacting terms in the Hamiltonian for convenience
and set p; = p, large enough to ensure that the matrix p is positive definite.
Furthermore, we choose the field H, at each site  such that

H, = n'h,, i=12..,N 3)

in order to guarantee a field contribution to the limiting free energy. The
limiting free energy is given by

F{B;Hij = lim (Nn)™" log Zy"{8; Hj} 4
where the n-vector partition function is

zogiay = [« [ TTasion(s 3 pSeS,+6 3 HS) O

ISl =nll2 bi=1

The most important feature of the nonuniform field case is that the
Hamiltonian (2) is no longer translationally invariant, even for transla-
tionally invariant couplings

pi; = p(T; — 1)) (6)
This translational invariance of the Hamiltonian is indispensable in the
proof® that the n-vector free energy approaches the spherical free energy
in the infinite-spin-dimensionality limit. We cannot therefore expect the
limiting model in our nontranslationally invariant case to be the usual
spherical model.
Taking the lead from Knops,® we consider the generalized spherical
model defined by the partition function

OxiB; z;, H} = exp(ié zi) f_ijﬁ dx;

v N
X eXP[ Z (2Bpi; — Sizi)xix; + B Z Hixi] Q)
L7=1 i=1
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within a region & where the “spherical fields” z, are large enough to ensure
that the quadratic form in the exponent is negative definite. The spherical
fields are to be determined by the individual spherical constraints

aiz. log QN{B; Zis Hl} = 05 i = 19 2:---9 N (8)
Following Knops, the generalized spherical free energy is
f1B; Hi} = lim N~* min log Ox{8; z;, Hi} ©)
N— €D
where Qu{B; z;, H;} given by (7) factors explicitly as [see (19)]
N

i exp(é 2 idexZ — 4601

048 22, H = QyiB; 71, 0} eXp[%ﬁz Z - %ﬁp)alHiH,-] (10)

i i

i

N
< expl i > (2 - 1905l an
17=1
with the matrix Z given by
Zii = Zj Sij; l,j = l, 2,..., N (12)

The theorem we want to prove can now be formulated.

Theorem. Under the condition (3) the limiting n-vector free energy
(4) is given in terms of the spherical partition function (7) by

Fig;Hy = Bim minVo log] [ Ovifsze Bl 09)

S0 e

To prove the theorem we will obtain upper and lower bounds that
coalesce in the stated limit.

Lower Bound. The derivation of the lower bound shadows that of
Knops.® Define

N

Zy{B; A, i} = f f Hdsiexp(%ﬂui:

i=

N
pi,-Si-Sj + ,8 Z Hi'Si)
i=1

(14)

1
I8;l=n1/24;
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0 that by direct calculation

® . N N
f .. j‘l—_[ d‘)\i ZNTL{B; )\i, Hz} exp( et z nZ,;Aiz)
LY i=1 i=1

= w2 exp( = > z) Outfs 2,0

i=1

x expif? > (2~ 4 HoH as)

tHi=1

Increasing the integrand in (15) to
ex —’-’i)\z max |Zy™8; A, Hy} ﬁ A2 (16
p 34 i oga‘fao NP A, By €Xp —ni=12i i )
with z;" = z; — #/2n, we obtain
N
max {szn{ﬁ; A, Hi} exp(n z @ - Zil‘\i2))]
i=1

O j< @
N
> n~V2Qu(B; 7, OF exp[%ﬁz > - —é—ﬁpmei-Hf] a”

f=1

1.7

Now, by adjusting the z’s in 2 so that the maximum occurs at Xy
Ag ==Xy = 1, then replacing the right-hand side by its minimal value
in 2, and finally taking the limits N, n —» co, we obtain straightforwardly

lim (Nn)~!log Zy™B; Hi}

Nin-

. 1 P& -
> lim maX[W log Qx{B; z:, 0} + é@ _Z:l (Z — 1Pp)i; 1Hi~Ha}

N.,p— o 2D 17

(18)

Upper Bound. The derivation of the upper bound is based on the

well-known identity

N
) Z Pijsi' Sj)

® 4N
— (2m)-Nmi3(det p)-12 f f I ] ax.
¥ i=1

N N
S piixex + p2 S xi-si) (19)
= i=1

1.9

exp (-%B

1

1

X exp(—%

which is valid for any positive-definite matrix p and n-dimensional vectors
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S;. Using this identity, we have from (5), after an interchange in orders of
integration,

Zy {85 M) = (2m) (et o) | _f- | ﬁ dx, exp( -3 }Nj

i,j=1

pi7 Xy x]-)

N N
[ TIasiexles > o+ pomys| o
ﬂS,ﬂ=n1’2 =1 =1

Translation of the “local fields” leads to our final representation

Zyn{B H} = (27)-¥2(det p)=712 f f E dx,

N
X exp{ -3 z
if=

[,og; 1(x, — BY2H)-(x, — BY2HL)

1

£ s ]} TT o) @)
where
Oy) = lexp(— |y]%/42)] f f exp(y-S) dS @)
IIS}[=n1’2

Now, to obtain an upper bound, we replace each @; in (21) by the
majorization [Knops, Eq. (2.25)]

D, < 4, expl(n/2)(2z; — 1 — log 2z; + )] 23)
where
Ay = 27200 V2T (n/2) (24)
and
¢ =n"Y2 + 2log2z;) (25)

The remaining integral in (21) can be recast into the form

N
O R (1 p)""g(exp( -4 Z pi}IH;-Hj))

i,j=1

X j---fd”x exp[ ”-qu (p,, - -f 2,)x ox, + B2 ;21 pglx,--H,-]
(26)
= [dext — 352" ex| 38 Z o HL-H,
+18 5 (7 - 462707 Y it 3 pi'H @n
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The Gaussian integrals have been evaluated using (19), with the z; chosen
such that the matrix I — $8pZ~* is positive definite, that is, z; € 2.

The matrix of the quadratic form in the exponent of (27) can now be
written

A= —p7ht o+ AEPZ T = HAEZ — 4B (28)

This identity is easily proved by expanding the matrix expression A(Z — 1Sp).
Combining (22)-(28), we have

B> (- 0 IHi-H,]

=1

X (A)¥ exp [%n z (2z; — 1 — log 2z, + e;)] 29)
t=1

Zy{B; H} < [det(J — 4ppZ 2]~ exp[ 2

Finally, minimizing the right-hand side with respect to the z’s and applying
Stirling’s formula to 4, we obtain

lim (Nn)~*log Zy™{B; H;}
N,n—»m

N,n-=w0 ey

< lim min[—%N'llogdet(Z—%Bp)

B < 1 L&
+m§1( --,sp) H-H, + 5logm + N ;zi] (30)

5=
As argued by Knops,® the error term 3N~ 3, z, vanishes in the limit.

In view of (10) and (11) and the lower bound (18), the theorem is
established.

3. THE CORRELATION FUNCTIONS

First let us rewrite the theorem (13) in the form

Fg; Hij = lim Fy{8; b} (31)

where
Fy{B:h} = s logm + - i log det(z* — 1
N > M 2 N “ 2 P

g <

w2 |7 zﬁp e, (32)
We have assumed that the minimum in (13) is attained for

z; = z;*{h;} (33)

in terms of the scaled field (3).
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Consider now the limit of the n-vector single-spin correlation function

7]
lim nY3(S; >, = li —— (Nn)~tlog Zy™{B; h; 34
e n < > o o(ﬁhia)( ) g N {B } ( )
Since log Z,™B; h;} is a convex function of A, the right-hand side of (34)
is equal to

S Jim, (V) log Zu(3: b (3
wherever (35) defines a continuous function of #;,. This theorem on the inter-
change of limits and differentiation is due to Griffiths.®® Note also that, be-
cause the limiting n-vector free energy F{B; h;} is a convex function of A,
the derivative (35) is a monotonic increasing function and thus is continuous
everywhere except, possibly, at a countable number of jump discontinuities.
Now, by our theorem (31), we can write (35) as

0 . "o.
—-_—3(/9 Fi) N};Elw Fy"{B; b} (36)
lim Fy™{B; h} @37

= N,n—® a(Bhux)

if we again invoke Griffiths’ theorem.® The limit (37) can now be readily
calculated using the facts that

0 « % 0G 8¢ | oG
'ah_m' G{Zk (hitx)9 hia) = & azk* 8hia + ahm 2t const (38)
and
oFy" _
ok =0 k=12.,N (39)

We thus obtain
-1
n L — .
Jim i mgn = gim £ > (20 - 360) The @)

If we now let each h;, — A, it is easily seen that the right-hand side of
(40) is precisely the generalized spherical single-spin correlation in a uniform
field H; = A," which we denote by <{S,>. Moreover, in this h, — A limit,
by invariance under rotation about a uniform field, the n-vector spin com-
ponent correlations and, in particular, {S;,>, are independent of the value
of «. Hence we conclude that for a uniform field (H;, = n'2h)

n 1/2
lim [<Sa] = lim( 3 <sm>n2) = lim w5, = <S> (41)
n~ n— @\ T n—+w©
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We can now obtain the limit of the r-vector pair correlations by con-
sidering

lim n(<Sirsza>n - <Sia>n<Sja>n)

. o*
= lim g% = (Nn)~* log Zy"{B; by} @
144 3%

N,n—> o
The previous arguments lead to the conclusion that for a uniform field
ii_{i}o(<si'sj>n - <Si>n<Sj>n) = (S8 — <Si><S;‘> (43)

Unfortunately, we have been unable to find a generalization of Griffiths’
Theorem® to obtain this result with absolute rigor. However, given that
the necessary interchanges of limits and differentiations are valid, we can
conclude that

lim <S; S;>, = {S:Sp (44)

by using (41) and the fact that each (S}, is parallel to the uniform field.
Finally, we observe that in a uniform field and for periodic, trans-
lationally invariant interactions the generalized spherical model reduces to
the mean spherical model. Moreover, if the field is nonzero, the mean
spherical correlations agree with the usual spherical model correlations.®
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